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1. Introduction

perturbation method presented here provides an ap-
proximate technique for the solution of the free
vibration of beams and plates with some general variation in
thickness. The advantage of the perturbation method over the
other approximate techniques, such as Rayleigh-Ritz,
Galerkin, or finite element, is that once the solution is deter-
mined for a general variation of thickness then the effect of
small changes in thickness variation can be determined
without resolving the original free-vibration problem. The
simplicity and speed of the perturbation method should make
it a valuable tool to the aerospace structural designer for
determining the vibrational characteristics of least-weight
beams and plates. Chehil and Dua' have previously used a
perturbation method to determine the buckling stress of plates
with variable thickness.

I1. Development of Perturbation Equations
for Free Motion

A. Free Vibration of Beams

The differential equation describing free transverse motion
of a beam (with variable thickness and unit width) is

d?/dx[(ER?712) (d?w/dx?) ] —phw’w=0 o))

where w is the modal function, £ is Young’s modulus, p is
mass density, w is the frequency of oscillation, and # is the
beam thickness. It is assumed that the height of the
nonuniform beam shown in Fig. 1 varies only slightly from
some reference uniform beam of height A, so that

h(x) =hy+eh, (x) )

where ¢ is a parameter here assumed to be less than unity,
giving a measure of the variation from the reference uniform
beam, and max 4, is equal to or less than 4,.

The fundamental frequency and mode shape of the beam
with variable thickness not differing too greatly from the
uniform reference beam are represented as*

T
w2=w§+Eeiw,2 3)
i=1
and
I
w(x) =wy(x) + Zle"wi (x) @

where w? and w; (x) are the fundamental frequency squared
and mode shape, respectively, of the reference beam with
uniform thickness #,. Equations (2-4) are substituted into Eq.
(1), which, after neglecting terms of the order of e’ and higher
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and equating terms of equal powers of e, yields the following
perturbation equations.

Zeroth-order Perturbation Equation
Eld*wy/dx? —phgwy’w,=0 where I,=h,3/12 )

First-order Perturbation Equation

d?w, ,
EI()W—P/”(M()W

B Iz:h_ﬁ[ d"w0+2dh,d3w0 dzh,dzwo]
T U a7 dre dx® T dx? dx?

+olwihywo+wihowg] ' (6)

Second-order Perturbation Equation

d4w, 5
EI“W —phywiw,;
:_ljhj [h d*w, +2dh, diw, +d2h, dzw,]
4 Ul dx? 7 drx dx? T dx? dx?

_Eig[hzdw@ <%>2d3w0 <d2h,>2d2w0]
4 U dx? de /  dx? dx? /  dx?
+plwihgwy +wil,wy+wih,w, +wihgw,] 7

The zeroth-order perturbation equation (5) is identical to
the differential equation describing free fundamental motion
of a beam with height #,. Thus w, and w, can be determined
for a given set of support conditions. With w? and w, known,
then w? and w, can be found from Eq. (6) and the process
continued to determine w3 and w, from Eq. (7). Assume now
that the beam is simply supported with length ¢. The exact
solution to Eq. (5) for the fundamental mode is well known.

_To find a general solution to the first- and second-order per-

turbation equations (6) and (7), the perturbated modal func-
tions w, (x) in Eq. (4) are represented as a sum of the eigen-
functions of the simply supported uniform beam

J
w;(x) = E wy; sin (Jmx/f) ®)
=1

The expressions for w, and w; are then substituted into Eq.
(6) and the resulting equation multiplied by one of the eigen-
functions and integrated over the length of the beam. One
then obtains

, 2hog"{Eh5
Wy =—— I
pl JolL 4
X[h xf . ax 2x°-dh ax 7w’ d?h, Gin wx]
— §in — = —— —— 0§ — — — — sin —
P T T T 0Pl ¢
X X
—pwlh, sin "7} sin Ip-dx ©)

The relative amplitudes of the coefficients in Eq. (8) can also
be determined as : '

wy  —2h S"{Eh;j
wo,  potmk? Jol 4
X[h . wx 27t dh ax  w’d’h, | wx]
— §in — — —— — €0§ — — -5 — sin —
Ty ¢ P dx 002 dx? 0

LT k
—pwih, sin 7*} sin %"dx (k1) (10)
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The development for the second-order correction is obtained from Eq. (7) in similar manner but the development is not included
here.

B. Free Vibration of Square Plates
The differential equation describing the free transverse motion of a square thin plate with variable thickness is

3°D 3°w  20°D 8°w +62D a’w
3y’ ax% axdy oxdy  ax? ay?

VZ(DVZW)—(I—U)[ ]—wzphwzo (11

where » is Poisson’s ratio and D (x, y) is the plate flexural rigidity. Again, the thickness variation is assumed to be only slightly dif-
ferent from some reference uniform plate as given in Eq. (2). The frequency and mode shape of the plate with variable thickness
are given by Egs. (3) and (4) which represent only slight variations of the fundamental frequency and mode shape from the referen-
ce uniform plate. Equations (2-4) are substituted into Eq. (11) and terms of the same power of e are equated to obtain the following
set of differential equations

Zeroth-order Perturbation Equation

D h()v Wo— pw5h0W0=0 (12)
First-order Perturbation Equation
ah, @ an, 3’h; 32w,
D' hiv iw, —pwihow, = —D’h2{3v2h,v w0+3h,v w0+6a P (V32w 0)+6a—a—(v wo) —(1—v)[ a7 o
3%h, 32w, d°h, azwo]}
— ] Zh 2
ax? 3y’ axdy oxdy +ofwph;wot+wihywy) (13)

Second-order Perturbation Equation

D B} *wy—powdhow, = —D'{3h3V 2h,V 2w, + 30,V iV 2wy +3hh, Y w, +3hyhi v fwy +6h2i v 2w
0 0 oax( 1)

3,9 3,9 3 8’ 37 , 8° 3 9
+6h(,ah55)—((v2wo)+6h05hia—y(v2w0)—(1,—9)[3#6 hi g Wit 3ho s s Wok 3hh sy s w

3 9’ a%h, 9’ 3%h, 8
+3ho g3 i 55 Wo— 6h; axayl ax:yl - "axayl 6x::)(1)]} tolwitow; +aihiwotwshows) a4

The fundamental mode shape of the plate with variable thickness is represented by a series of eigenfunctions of the reference
uniform plate

Al mrx . nx
w(x,y) = E E wi = sin —— sin Y (15)
a

m=1 n=1

Expressions for w, and w, are substituted into Eq. (13), which is satisfied in the Fourier sense to obtain a first-order correction for
frequency.

4 ara T\ 2 T\ 2 1l'x 7ry
wi:phoag Sogo{[_3(1+v)D1h5(Zz> Vh, +120’h§<;) h,—pwf,h,] sin? - sin? -

/N 3[dh X | wX h
—12D’h§<;) [—] cos — sin = sin2™ ) sin? = cos = sin r_y]

ax a a a ay a a a
a°h X X
+6(1—u)1)1h2( ) ! cos = sin ™ cos =2 sin 7r—yIclxdy (16) -
a’/ 9dxdy a a a a

The magnitudes of Wi in Eq. (15) are

R (i Sl ll=sewn (G) womwa2(3) hi- pizeim] sin T sin 7
) p— _ _ 2 _ — 2 Y -
Wor s o X o)o 3(1+v) P v<ih,+12 2 h; D"hf,woh[ sin P sin »
ah X oh, 29%h X . omwmx | n
—12( ) [‘] cos = sin ™ +— sin — 6(1—v)<7r) ! cos = cos I}:} sin 2% sin —Wzdydx an
a a ay a’ 3xdy a a a a

The second-order correction to frequency and mode shape is obtained in a similar manner from Eq. (14), but is not presented in
detail here.
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Table 1 Fundamental frequency of a tapered beam and a plate tapered in one direction

Beam

Fundamental frequency w (mt/El ) &

Taper
ratio, o Perturbation Ref. 2 % Difference
.5 7.11 7.12 0.2
.67 5.97 6.06 1.5
.75 5.36 5.34 0.3
.90 3.99 3.88 2.8
Plate B 4
Fundamental frequency @ (phpa®/Dy)
Taper
ratio, « Perturbation Ref. 3 % Difference
2 748.2 748.2 0.00
4 649.4 650.1 0.11
.6 556.6 557.2 0.10
.8 469.7 470.5 0.17
2 ) plate with variable thickness was calculated from Eq (16) and
a similar equation representing a second-order correction.
h (1-g) The frequency change for various values of taper ratio, «, is
o (1-a)

B — .

he) = b (- %’i)

Fig. 1 Linearly tapered beam or cross section of a plate linearly
tapered in the x direction.
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Fig. 2 Fundamental mode shape of a square plate linearly tapered in
one direction (taper ratio « =0.8, y=a/2). Legend: (—) perturbation;
(----) Ref. 3; (—-—) plate with uniform thickness.

III. Examples

A. Linearly Tapered Beam

The linearly tapered beam shown in Fig. 1 was selected as
an example. The thickness variation can then be expressed as

eh, (x)=—ahyx/§ e=a; hj(x)=—hyx/! (18)

The approximate fundamental frequency and mode shape are

determined from Eqgs. (9) and (10) and similar equations
representing the second-order corrections. The change of fun-
damental frequency of the tapered beam is shown in Table 1
for four values of taper ratio and is compared with the exact
frequency obtained from Ref. 2.

B. Linearly Tapered Plate

A simply supported square plate with linearly varying
thickness in the x direction as shown in Fig. 1 was considered.
The thickness of such a plate can be functionally represented
as in Eq. (18). The approximate frequency for this particular

shown in Table 1 and compared with the frequency deter-
mined from Ref. 3. The fundamental mode shape as deter-

 mined from Eq. (17) is shown in Fig. 2 and compared to the

mode shape obtained from Ref. 3. The mode shape as deter-
mined from Eq. (17) is

w= [sin(nx/a) +.1784 sin(2wx/a) +.004 sin(47x/a)
+.0005 sin(6nx/a) sin(wy/a) (19)
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Two-Dimensional Radiative Equili-
brium: A Simple Nongray Problem

A. L. Crosbie*
University of Missouri-Rolla, Rolla, Mo.

RECENT review! of the literature on two-dimensional

radiative equilibrium reveals that all of the analyses use
the gray approximation. The spectra of many substances,
such as glass, carbon monoxide, and water vapor have win-
dows or regions in which the absorption coefficient is zero or
very small. The inability of the gray model to account for
these windows is one of its major limitations. The present
study of nongray radiative transfer in a two-dimensional
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